It is of crucial significance to study infectious disease phenomenon by using the discrete SIRS model with the Caputo deltas sense and fractal viewpoint. In this paper, Julia set of the discrete fractional SIRS model is established to analyze the fractal dynamics of this model. Then three different controllers, which are, respectively, added to different parts of the model as a whole, a part, and a product factor, are designed to change the Julia set, and the graphs illustrate the complexity of the model. Simulation results show the efficacy of these methods.
Introduction
The real physical, chemical, and biological characteristics of the system are largely neglected in the description of integer order differential equations. With the continuous progress of science and technology, people have higher and higher requirements on the control accuracy. The relationship among physical quantities in the actual system shows more noninteger order dynamic characteristics. For example, there are many relevant research results about fractional order dynamic characteristics in physical phenomena, such as the anomalous diffusion of particles [1] , heat transfer [2] , and a novel fractional order hydro-turbine-generator unit [3] .
Fractional order differential equation is a generalization of the classical integer order differential equation [4] . Compared with the integer order differential equation, the most important advantage of the fractional order is that the characteristics of the integer order system can be included in the fractional order system. Moreover, it can better simulate the physical process and the dynamic system. It can also describe historical memory and the space domain correlation of mechanics and physical processes. The deep study of fractional order nonlinear systems led to a wide discussion on the relationship among fractional order calculus and fractal and chaos [5] [6] [7] [8] [9] . Actually, the engineering physical systems are mostly the fractional order models, which are closer to the actual systems, so the analysis of the fractional order control system and the study of fractional order calculus have been extensively developed. In recent years, more and more researchers are attracted by the unique properties of fractional order calculus and are studying the theory of fractional order calculus deeply [10] [11] [12] . Fractional order system has broad applications in many fields such as digital cryptography [13] , antilock braking [14] , and cellulose degradation [15] .
The frequent occurrence of infectious diseases has hopefully increased awareness of modeling infectious diseases using fractional order differential equations, which is an important topic in mathematical biology [16] [17] [18] [19] [20] . Many meaningful discrete infectious disease models obtained from the discretization of continuous models can be exploited in [21] [22] [23] [24] [25] . It is more practical to utilize the discrete model where epidemiological statistics are collected in discrete time. In this paper, fractional difference theory is introduced, and a fractional discrete infectious disease model is proposed. Infectious diseases are repetitively dynamic, and their behaviors are adaptive with long-term memory. In order to be closer to the reality, the discrete model is considered to predict infectious diseases. A fractional order difference system has discrete memory, so it can simulate the actuality, which will enrich the methods and fields of research on the infectious diseases model. In the subsistent system, a lot of random and unpredictable factors fail to effectively 2 Complexity forecast infectious diseases. Fractional order models use long-term data retention to help predict future infectious disease behaviors [26] and improve the treatment quality [19] .
It is worth noting that a great deal of work has been done on nonlinear dynamical system theory in the past decades. In this field, a series of problems are closely related to the Julia set, such as the size of the nonlinear attraction domain [27] and the boundary of iterative mapping [28] . Even if the system is very plain, some of the boundaries of the attractive domain may be extremely complicated [29] . Therefore, how to effectively control the Julia set becomes particularly critical. Naturally, a question may be raised as to whether the Julia set with important nonlinear features can be used to study the dynamic behavior of discrete fractional order infectious disease models.
Based on the theoretical background of fractional difference equation, a discrete fractional SIRS infectious disease model is proposed in this paper. The basic ideas of Julia set in the fractal theory are applied to the SIRS model to analyze dynamics of the model. This paper is divided into four parts to discuss the discrete fractional SIRS infectious disease model. Section 2 gives the basic theory. Section 3 presents the fractional discrete SIRS model on time scales and illustrates graphs of the Julia sets while the difference orders are changing. In Section 4, three completely different controllers which are, respectively, added to different parts of the system as a whole, a part, and a product factor are designed to change the Julia set, and the graphs demonstrate the complex dynamic characteristics of the model and show the discrete fractional control results of Julia set while the coefficients are changing. Furthermore, [30] is also about the control of Julia set, and it discusses the integer order Brussels model from the perspective of fractal dynamics, which is a kind of reaction diffusion equation. In this paper, we mainly study the discrete fractional order infectious disease model. Although features in figures are similar, the model and the methods used to control Julia set are different.
Basic Theory
The following are some necessary definitions about Julia set. And the basic theory of discrete fractional difference operators is given in the appendix. Assume that is a polynomial in the complex plane, : 
Julia Set of Discrete Fractional Order SIRS Model
As for disease dynamics, SIRS model is one of classical models, which divides animal states into three categories: susceptible state (S), infectious state (I), and removed state (R). The SIRS model describes the temporary immunity after cure, when contacting with infected people; infectious diseases may be transmitted from infected people to susceptible ones with a certain probability. People in an infectious state that has recovered over time are no longer infected and pose no threat to others, which means they are in a state being removed from the whole. After a period of time, the removed individual restores a susceptible state. Here, the following SIRS model with constant inoculation rate and nonlinear infection rate [31] is considered.
where 1 is the representative of infected persons and their number, 2 represents the persons who are rehabilitated from infection and their number, = 1, 2, ⋅ ⋅ ⋅ . Assume that during the epidemic period, the birth rate coefficient and the natural mortality coefficient of the population are equal to the constant , denotes the effective contact rate coefficient, means the inoculation rate, represents the removal rate coefficient, and denotes the immune loss rate coefficient. Moreover, regardless of the death due to illness, we suppose that all the newborns are susceptible.
Practically, the seasonal outbreak of disease is a common phenomenon, such as influenza. The specific form of seasonal factors can be approximately expressed as a single sine or cosine function. Here, we consider the situation that the effective contact rate coefficient is affected by seasonal factors.
where 0 denotes the effective contact rate coefficient and is the seasonal influence factor. Take 3 = sin( ), 4 = cos( ); then 3 / = 4 and 4 / = − 3 . Thus system (3) is as follows.
and the initial values of 3 and 4 are 3 (0) = 0 and 4 (0) = 1. Julia set is a notion in fractal theory. The trajectory will be bounded if the initial values are taken in the interior of the Julia set. And the trajectory will be unbounded if the initial values are taken in the exterior of the Julia set. We hope we could obtain a preliminary judgment from initial values of the model. Since Julia set is obtained by iteration in fractal, we will give the discrete version of system (5). For the derivative in time we usė
Substitute these discretizations in the system; then the discrete version is
and 0 = 0, 0 = 1, , , , , , , are system parameters. Now, the ideas and methods of Julia set in fractal theory are introduced to the real dynamic system (5).
is called the filled Julia set of the map . The boundary of is called the Julia set of the map , which is denoted by ; that is, = .
Consider the discrete version of the SIRS models with constant inoculation rate and nonlinear infection rate. The following four difference equations show the relationship between the number of the persons who are vulnerable to infection and the number of the infected persons. The parameters of model are taken to be = 0.08, = 0.02, = 0.005, = 0.005, = 0.05, = 0.005, = 0.001, so the corresponding model is as follows and the homologous Julia set is shown in Figure 1 .
The irregular curve in Figure 1 is the Julia set of system (7) and represents the initial number of infected and the number of rehabilitated people. If these values are inside the Julia set, the numbers of the two clusters will be stable and bounded, and if the values of the initial numbers of two clusters are outside the Julia set, then at least one of the numbers of infected and rehabilitated people will approach infinity. 
Now we will give the fractional difference to the first and the second equations of system (5). Subtract and from both sides of the first and second equations; then the system can be represented as the following one.
Rewrite the equation as a fractional one from the discrete fractional calculus, and the momentums ( ) and ( ) are taken into account. 
From Theorem A.3 in the appendix, the discrete integral form for 0 < ≤ 1 is obtained. 
In particular, if = 0 and the summation starts with = 1, the model can be written as 
Obviously, it is inconvenient to simulate system (12) because it has 4 dimensions. However, the initial values of the third and the fourth variables are fixed, so the Julia set of system (12) can be depicted on the − plane. 
and ( , , , ) = ( ( , , , ) , ( , , , ) , ( , , , ) , ( , , , )) .
The set
is called the filled Julia set corresponding to the map ( , , , ). And the boundary of is called the Julia set of the map ( , , , ), which is denoted by , i.e, = .
The fractional orders of the model are taken to be (a) = 0.001; (b) = 0.5; (c) = 0.8; (d) = 1; then the corresponding Julia set is shown in Figure 2 .
As can be seen from Figure 2 , Julia sets are closely related to the parameter , and the image of Julia sets changes with the selection of different fractional orders in the system. As decreases, the area inside the image gradually diminishes.
Control of Julia Sets of the Discrete Fractional Order SIRS Model
Considering relevant literature [32, 33] about different ways of adding control items, the following three ways of adding control items under fractional order iteration are proposed, respectively, to achieve the control of Julia set. Controllers are added to different positions of the system as a whole, a part, and a product factor. The design methods are not uniform. Since infinite terms are involved in the sum, we apply continuous iteration to get the latter item ( + 1) through the previous one ( ). Julia sets vary with fractional orders, and assume = 0.001, 0.8, 0.9, 0.99 to carry out the following study. And a function ( ) = ( − 1) + ( ( ) − ( )) that ties the iteration of ( ) and ( ) closely together was set up. Besides, over the iteration, ( ) and ( ) always change. Keep other parameters in the system unaltered, and the initial value of ( ) is taken as (0) = 1. Furthermore, the evolution of Julia set is exhibited in the diagram when different parameters and disparate fractional orders are taken.
Controller Is Added to the System as a Product Factor.
In this section, we will design the controller for discrete fractional order SIRS model as below, and controller is added to the system as a product factor. Figure 3 .
As demonstrated in Figure 3 , the discrete fractional order SIRS system is very sensitive to the control parameter . Only slight adjustment of control parameters is needed to control the system with this method. As the control coefficient gradually increases, the image keeps shrinking.
Controller Is Added to the System as a Whole.
In this part, the controller is added to the outside of the summation sign. This method is utilized to construct the following system, and control of Julia set is implemented. controller is severally added to the outside of the system as a whole in Section 4.2 and another is added to the interior of the summation sign as a part in Section 4.3. We can see that graphically if the adding way is as a whole, image change is particularly evident when the control parameter changes dramatically. Nevertheless in Section 4.3, the images have significant change when the values of the control parameter are in a small fluctuations. Consequently, adding control items in the interior of the summation sign can greatly change numerical values; thus Julia set is observably controlled. In addition, the second method 4.2 can be selected if we want to slowly change the system. As for method 4.1, the control is added to the system as a product factor, with the control parameter having the greatest impact on the system. Therefore, the image of Julia sets will change as the control parameter changes slightly.
Conclusion
We take the discrete fractional order SIRS model as an example to design appropriate control items to regulate the model and to achieve the control of Julia set of the model. The control items of these three methods have the same structure, but the control results obtained by adding different positions in systems are completely disparate. Moreover, these methods are available in controlling the Julia set because of various options, such as increasing the parameters, designing control items, and utilizing a variety of methods simultaneously to improve the performance of the system. And the speed of commanding will be even faster. Therefore, these methods are powerful in feasibility and applicability and can also be applied and generalized to other systems. This paper utilizes the basic theory of Caputo fractional difference on time scales to discuss the discrete SIRS infectious disease model and illustrates graphs of the Julia sets with different fractional orders. Furthermore, three completely different controllers which are, respectively, added to different parts of the model as a whole, a part, and a product factor are designed to change the Julia set. Control of Julia set is obtained with distinct control parameters in the controlled items. Relevant theoretical analysis will be a direction of future research. The simulation results show the efficacy of these methods.
Appendix
The following are some necessary definitions of the discrete fractional calculus.
Definition A.1 (see [34] ). Let : → and 0 < V be given. Then the fractional sum of V order is defined by In [36] , the authors have already debated existence results for the nonlinear fractional difference equation.
The domains of (A.3) and (A.5) are disparate. The former is + − and the latter is + . The function ( ) is defined on the isolated time scale . From this viewpoint, it is commendable to use the discrete fractional calculus to initialize fractional difference equations.
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